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Quantum fluctuations become particularly relevant in highly frustrated quantum magnets and can
lead to new states of matter. We provide a simple and robust scenario for inducing magnetic vor-
tex crystals in frustrated Mott insulators. By considering a quantum paramagnet that has a gapped
spectrum with six-fold degenerate low-energy modes, we study the magnetic-field-induced conden-
sation of these modes. We use a dilute gas approximation to demonstrate that a plethora of multi-Q
condensates are stabilized for different combinations of exchange interactions. This rich quantum
phase diagram includes magnetic vortex crystals, which are further stabilized by symmetric exchange
anisotropies. Because skyrmion and domain-wall crystals have already been predicted and experi-
mentally observed, this novel vortex phase completes the picture of emergent crystals of topologi-
cally nontrivial spin configurations.
PACS numbers: 75.10.Jm, 03.75.Nt, 74.25.Uv.
I. INTRODUCTION
The emergence of topological spin textures in solids
triggered an enormous interest because of their relevance
for spin-electronic technology. Outstanding examples are
the crystals of magnetic skyrmions that were recently dis-
covered in noncentrosymmetric magnets with the B20
structure MX (M is a transition metal and X = Si, Ge)1–3
and also in a Mott insulator Cu2OSeO3.4–9 A magnetic
skyrmion is a hedgehog-like spin texture that wraps a
sphere when mapped on the spin space. Crystals of
these topological textures emerge in the above mate-
rials from competition between Dzyaloshinskii-Moriya
and exchange interactions.1 Similar to Abrikosov vortex
lattices in type-II superconductors, skyrmion crystals can
be driven by injecting an electronic current in the metallic
compounds.10,11 In contrast, Mott insulators allow for en-
ergetically more efficient manipulations of the skyrmion
crystals because these spin textures induce a spatial mod-
ulation of electric dipole moments that can be driven by
electric-field gradients.5,9
After this sequence of discoveries, it is natural to ask if
crystals of topological spin configurations can emerge un-
der more general conditions. While skyrmion crystals,12
soliton crystals,13,14 and Z2 vortex crystals15 have been
predicted for classical spin systems, we are not aware of
any prediction of crystals of usual (i.e., Abelian) mag-
netic vortices. In this paper we demonstrate that mag-
netic vortex crystals arise in a class of frustrated quantum
magnets from a multi-Q Bose-Einstein condensate (BEC)
of low-energy magnetic modes induced by the magnetic
field. Because these crystals emerge from frustration,
the intervortex distance is controlled by the ratio between
competing exchange constants and can be tuned with ex-
ternal pressure.
The phenomenon of Bose-Einstein condensation ap-
pears in different realizations of bosonic gases. Atomic
gases16 and superconductivity (condensation of Cooper
pairs) are two prominent examples in which bosons nor-
mally condense into a zero-momentum single-particle
state. Quantum magnets provide an alternative realiza-
tion of Bose gases because spin operators of different
ions commute with each other.17 For instance, a lattice
of S = 1/2 moments can be exactly mapped into a gas of
hardcore bosons on the same lattice.18 The notion of the
Bose-Einstein condensation is only approximated in real
spin systems because the total number of bosons (mag-
netization) is not strictly conserved. Anisotropic contri-
butions arising from dipolar and spin-orbit interactions
break the U(1) symmetry of global spin rotations along
an external magnetic field. Nevertheless, it has been es-
tablished that the description of the Bose-Einstein con-
densation offers a very good approximation when the
anisotropy terms are weak.17 The advantage of having
weak anisotropy terms is that the boson density can be
tuned by applying a magnetic field, which works as a
chemical potential. Another advantage of magnetic in-
carnations of Bose gases is that there are many materials
in which the bosons condense at a nonzero-momentum
single-particle state. This situation is quite common when
the system has a highly frustrated exchange interaction
because it can lead to a single-boson dispersion ωk with
minima at low-symmetry points of the Brillouin zone.
For p-fold symmetric lattices, for instance, such a strong
frustration leads to degenerate minima of ωk at different
Q vectors related by p-fold rotations along the symmetry
axis. Bosons can then condense in a single-Q BEC state
or in a linear combination of single-particle states with
different Q vectors (multi-Q BEC). As we will demon-
strate here, this characteristic of frustrated quantum mag-
nets opens the exciting possibility of stabilizing magnetic
vortex crystals under rather general conditions.
Previous studies of multi-Q condensates in frustrated
quantum spin systems, such as triangular lattice antifer-
romagnets19–21 and helimagnets,22 considered the mini-
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2mal case where the system has only two different lowest-
energy modes k = ±Q. In this situation, the two possible
condensates are a single-Q spiral state and a double-Q
coplanar state, neither of which is a vortex crystal. Ac-
tually, vortex crystals arise from p-Q condensates with
p ≥ 3. We will derive various multi-Q BEC solutions
corresponding to vortex crystals by considering highly
frustrated quantum spin systems with six-fold degenerate
lowest-energy modes (Fig. 1). Moreover, we will see that
small anisotropy terms dominate interaction effects in the
low-density limit, namely, close enough to the quantum
critical point (QCP) that divides the magnetically ordered
and the paramagnetic phases. Remarkably, this effect sig-
nificantly enlarges the region where a particular type of
vortex crystal is stabilized.
To illustrate our point, we consider a hardcore bo-
son model on a lattice of triangular layers stacked in a
period-3 structure along the c axis. The choice of this lat-
tice is motivated by the highly frustrated quantum param-
agnet Ba3Mn2O8.23–28 Ba3Mn2O8 consists of triangular
layers of weakly coupled antiferromagnetic S = 1 spin
dimers (Fig. 2). Each dimer is predominantly in the sin-
glet state at low fields, and the lowest-energy excitation is
a triplet state that propagates with well-defined momen-
tum (triplon).17,29 The triplon dispersion is gapped at low
fields and has six-fold degenerate minima (Fig. 1). Be-
cause of the finite energy gap, triplons are only thermally
activated below the critical magnetic field, H = Hc1,
where the gap is closed. A BEC is stabilized at zero tem-
perature (T = 0) for H ≥ Hc1,17,29,30 opening the possi-
bility of multi-Q ordered states. In an idealized situation
without anisotropy, the model has U(1) symmetry along
the field direction and the type of BEC is determined by
the effective triplon-triplon interactions. The arbitrarily
low triplon concentration close enough to the QCP al-
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FIG. 1. Single-boson dispersion ωk characterized by six-
fold degenerate minima at low-symmetry positions ±Q1≤n≤3
(shown for kz = 0), which can be realized in the lattice shown
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FIG. 2. (a) Magnetic (Mn5+) lattice of Ba3Mn2O8. (b) and (c)
NN and next-NN exchange couplings between adjacent bilay-
ers.
lows for a controlled and robust analytical approach by
expanding in the small lattice-gas parameter.31 As men-
tioned above, we also discuss the effect of anisotropy that
becomes relevant close enough to the QCP.
II. MODEL
The low-energy effective Hamiltonian for a spin-
dimer antiferromagnet near the magnetic-field-induced
QCP is
H = H 2 +H 4, H 2 =
∑
k
ωk
(
b†kbk +
1
2
)
,
H 4 =
1
2N
∑
k,k′,q
(
U + Vq
)
b†k+qb
†
k′−qbk′bk. (1)
Here, b†k = N
−1/2 ∑N
i=1 e
ik·ri b†i , and b
†
i (bi) is a bosonic
creation (annihilation) operator of an S z = 1 triplon in
the dimer i relative to the singlet background. Thus, we
keep only two low-energy states of each dimer. U is the
on-site hardcore potential to exclude unphysical states.32
Vq is the Fourier transform of the microscopic off-site
boson-boson interactions. We assume that the single-
particle dispersion ωk is characterized by six-fold degen-
erate minima as illustrated in Fig. 1. For H < Hc1, the
spectrum has an energy gap that can be controlled by the
external magnetic field. For the moment, we will exclude
anisotropy terms that break the U(1) symmetry of H .
The magnetic lattice system of Ba3Mn2O823–28 pro-
vides a perfect realization of H (Fig. 2). Inelastic
neutron scattering measurements determined the spin
Hamiltonian.23 Each spin dimer is coupled by an antifer-
romagnetic exchange J0 = 19.05(4)K, and spins on dif-
ferent dimers are coupled by J2 and J3 on the same layer
and also by several other interlayer exchanges J1,p, J1,x,
3J4,p, and J4,x [Figs. 2(a)–2(c)], which are much smaller
than J0.33
Because of these interdimer exchange interactions,
a triplon can propagate in the 3D lattice. The micro-
scopic hopping process includes the intralayer hopping,
t2 ∝ J2 − J3, between nearest-neighbor (NN) dimers as
well as t1 ∝ J1,p − J1,x and t4 ∝ J4,p − J4,x, respectively,
between NN and next-NN dimers on adjacent bilayers.34
Without these interlayer hopping processes, the minima
of ωk would be located at the K points on the 2D Bril-
louin zone edge. The finite values of t1 and t4 shift the Q
vectors from such commensurate high-symmetry points
to incommensurate wave vectors, k = ±Qn (1 ≤ n ≤ 3),
within the same reciprocal plane (see Fig. 1).35 Because
these Q vectors are not connected by reciprocal unit vec-
tors, the lowest-energy single-triplon excitation becomes
six-fold degenerate. In addition to the on-site hardcore
potential U, triplons are subjected to off-site density-
density interactions V1 ∝ J1,p + J1,x, V2 ∝ J2 + J3, and
V4 ∝ J4,p + J4,x when they occupy adjacent dimers con-
nected by the hopping paths of t1, t2, and t4, respectively.
III. INSTABILITY ANALYSIS OF THE
FIELD-INDUCED BOSE-EINSTEIN CONDENSATION:
DILUTE BOSE GAS APPROXIMATION
A. Ground state energy
The triplon excitation spectrum becomes gapless at
H = Hc1, signalling an instability towards formation of
a BEC at the six-fold degenerate single-particle states
k = ±Q1≤n≤3. This instability is associated with a diver-
gent transverse spin susceptibility at these Q vectors, i.e.,
the BEC state corresponds to a magnetically ordered state
for spin components perpendicular to the external field.
The order parameter comprises the k = ±Q1≤n≤3 Fourier
components of the transverse magnetization. There-
fore, to predict the spin structure of the ordered phase
we need to determine the condensate distribution among
k = ±Q1≤n≤3. Quantum fluctuations provide the selec-
tion mechanism for interacting systems.19–22,36 Because
the boson density vanishes at the field-induced QCP, the
relevant effective interaction can be computed very ac-
curately by using Beliaev’s low-density approximation.31
Through minimization of the resulting effective Hamilto-
nian, we can determine the BEC state right above H =
Hc1 in a reliable way.19–22,36
We calculate the effective interaction in the long-
wavelength limit, k ' ±Qn, by adding the ladder dia-
grams shown in Fig. 3(a). The calculation is performed
in the static limit (i.e., for zero total frequency) because
we are only interested in the ground state. The interaction
vertex, Γq(k,k′), for incoming triplons with momenta k
and k′ and momentum transfer q is asymptotically ex-
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FIG. 3. (a) Effective vertex from ladder diagrams. The filled
square (wavy line) represents the effective (bare) potential. (b)
Diagonal and (c) off-diagonal effective interactions in the GL
theory.
act in the dilute limit H ' Hc1 (see Appendix A for de-
tails of this calculation).31 Once we obtain the interaction
vertices, we can write down the Ginzburg-Landau (GL)
expansion of the ground-state energy density, Eeff, with
asymptotically exact GL expansion coefficients. For de-
riving this GL theory, we only need to take into account
the k = ±Q1≤n≤3 modes that have a divergent suscep-
tibility. Formally, such a GL expansion is obtained by
replacing the bare interaction vertices, U + Vq, involving
k,k′ ∈ {±Q1≤n≤3} with Γq(k,k′). Then, we approximate
the condensates by N−1/2〈b±Qn〉 ≡
√
ρ±Qn exp(iφ±Qn) by
using the standard Bogoliubov prescription. We obtain
Eeff = −µ
3∑
n=1
(
ρQn + ρ−Qn
)
+
Γ1
2
3∑
n=1
(
ρ2Qn + ρ
2
−Qn
)
+ Γ2
3∑
n=1
ρQnρ−Qn + Γ3
∑
n<m
(
ρQnρQm + ρ−Qnρ−Qm
)
+ Γ4
∑
n<m
(
ρQnρ−Qm + ρ−QnρQm
)
+ 2Γ5
∑
n<m
√
ρQnρ−QnρQmρ−Qm cos (Φn − Φm) , (2)
where µ = gµB(H − Hc1) and
Φn = φQn + φ−Qn . (3)
Equation (2) is universal as long as the minima of ωk are
six-fold degenerate at incommensurate wave vectors. The
GL coefficients are given by the following vertices:
Γ1 = Γ0 (Qn,Qn) ,
Γ2 = Γ0 (Qn,−Qn) + Γ−2Qn (Qn,−Qn) ,
Γ3 = Γ0 (Qn,Qm) + ΓQm−Qn (Qn,Qm) ,
Γ4 = Γ0 (Qn,−Qm) + Γ−Qm−Qn (Qn,−Qm) ,
Γ5 = ΓQm−Qn (Qn,−Qn) + Γ−Qm−Qn (Qn,−Qn) , (4)
4where 1 ≤ m , n ≤ 3. As illustrated in Fig. 3(b),
Γ1≤ν≤4 represents the effective density-density interaction
between the condensate triplons. The Γ5 vertex repre-
sents a process in which a pair of triplons with momenta
k = ±Qn is annihilated and a different pair is created with
momenta k′ = ±Qm,n [Fig. 3(c)]. Because of its off-
diagonal nature, the Γ5 term is the only one that depends
on the relative phases Φn − Φm.
B. Quantum phase diagram at the field-induced QCP
For µ < 0 (gapped spectrum), Eeff is simply mini-
mized by ρ±Qn = 0 for ∀n; i.e., the solution is a quantum
paramagnet. The instability of the Bose-Einstein conden-
sation occurs at µ = 0. Figure 4 shows a phase diagram
obtained by minimizing Eeff as a function of the effective
interactions for a small constant value of the total density
ρ =
∑
n(ρQn + ρ−Qn). Here, we assume Γ1 > 0, which
is usually the case in antiferromagnets, where the boson-
boson interaction is repulsive. We also assume that |Γ5| is
small relative to the others, which turns out to be the case
in the microscopic calculation that we discuss later.
The phase diagram shows a plethora of multi-Q or-
derings for Γ3 ' Γ4 . Γ1 and Γ2 . Γ1. This condition
implies that the single-Q state is not favored (because of
the dominating Γ1 vertex). It also implies that the effec-
tive interactions between different modes, Γ2, Γ3, and Γ4,
are highly frustrated. An additional condition Γ5 > 0
 0
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FIG. 5. Schematic condensate distribution in momentum space
for the single- and multi-Q states that appear at the BEC-QCP.
The arrows representing Φn variables are shown only for states
with some conditions on Φn. The states marked with (∗) are
vortex crystals (see text).
leads to a bifurcation of exotic multi-Q states (No. 6 and
Nos. 8–11). Figure 5 shows the corresponding schematic
condensate distributions in momentum space. As we de-
scribe below, these states are magnetic vortex crystals, in
which vortex cores of xy-spin components form a regu-
lar lattice (see below). On the other hand, the condition
Γ5 < 0 almost exclusively favors the 6-Q I BEC state
where Φ1 = Φ2 = Φ3 (No. 7 in Fig. 5). This state corre-
sponds to a coplanar state, which is not a vortex crystal.
The reason for this contrast between Γ ≷ 0 is an addi-
tional phase frustration that appears only when Γ5 > 0
[see Eq. (2)].
The phase diagram becomes rather simple away from
the region that we described above. We can easily nar-
row down an optimal state in the limit of strong density-
density interactions. For instance, the optimal state
for Γ3  Γ1 belongs to the set {No. 1,No. 2,No. 3},
which avoids this repulsive coupling. Similarly, the op-
timal state for Γ2  Γ1 and Γ4  Γ1 belongs to
{No. 1,No. 3,No. 4,No. 5} and {No. 1,No. 2,No. 4}, re-
spectively. In these limits, the small Γ5 term is ineffec-
tive because the density prefactor becomes 0 for all of the
above candidate states.
Given this rich phase diagram, it is important to de-
termine if these multi-Q BEC states can be realized un-
der realistic conditions. As we already mentioned, for
a field-driven QCP of the Bose-Einstein condensation,
we can compute the GL coefficients from a microscopic
model under control; i.e., Eeff (2) is not a phenomeno-
logical mean-field theory. For definiteness, we consider
the spin Hamiltonian that is proposed for Ba3Mn2O8.23–28
We assume H ‖ c so that the U(1) symmetry is almost
exact. In the following, we fix ωk to the dispersion ob-
tained from inelastic neutron scattering experiments,23
5 0
 1
 2
 3
 4
 5
 6
 0
 1
 2
 3
 4
 5
 6
 0
 1
 2
 3
 4
 5
 6
 0  1  2  3  4  5  6
(a) V1 = 0.75 K (b) V1 = 1.50 K
(c) V1 = 2.25 K (d) V1 = 3.00 K
(e) V1 = 3.75 K (f) V1 = 4.50 K
V2 (K)
V
4 
(K
)
V2 (K)
V
4 
(K
)
V
4 
(K
)
(4) (4)
(4)
(4)
(4)
(4)
(3) (3)
(3) (3)
(3)
(3)
(5)
(5)
(5) (5)
(5)
(5)
(1) (1)
(1)
 0  1  2  3  4  5  6
(2) (2)
(2) (2)
(2) (2)
(6)
(6)
(6)
(6) (6)
(7)
(7)
(7) (7)
(8)
(8) (8)
(9)
(9) (9)
(10)
(11) (11)
(10)
Γ5 < 0
Γ5 > 0
Γ5 < 0
Γ5 > 0
Γ5 < 0
Γ5 > 0
Γ5 < 0
Γ5 > 0
Γ5 < 0
Γ5 > 0
Γ5 < 0
Γ5 > 0
(1)
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the Γ5 vertex changes sign. The states corresponding to the
indices (1)–(11) are summarized in Fig. 5.
while V1, V2, and V4, which parametrize Vq, are regarded
as free parameters because they are not constrained by
neutron scattering experiments.37 We focus on the region
0 ≤ V1, V2, V4  J0 ≈ 19K corresponding to the weakly
coupled spin dimers with repulsive triplon-triplon in-
teractions (appropriate for antiferromagnetic compounds
like Ba3Mn2O8).
We produce the phase diagram shown in Fig. 6 by
computing Γ1≤ν≤5 as a function of these microscopic in-
teraction parameters. The density-density interaction ver-
tices, Γ1≤ν≤4, are positive in the investigated region, as ex-
pected from the repulsive bare interactions. The Γ5 vertex
has a much smaller amplitude. Most importantly, we con-
firm the plethora of multi-Q phases in this microscopic
model. They are stabilized when V1 & 1.5K and some
other conditions on V2 ' V3 are fulfilled. We also ob-
serve that the sign change of the Γ5 vertex can induce an
instability towards the coplanar 6-Q I state (No. 7), as
indicated by the dashed line in Figs. 6(e) and 6(f).
IV. VORTEX CRYSTALS
A. Spin configurations
The BEC state for µ > 0 can be approximated by
〈bi〉 ∼
3∑
n=1
(
ρQne
iφQn eiQn·ri + ρ−Qne
iφ−Qn e−iQn·ri
)
. (5)
The actual spin configuration for either a dimerized com-
pound or a generic quantum antiferromagnet near the
saturation field follows from the spin-boson transforma-
tions18 (see Appendix B). The simplest state is the well-
known single-Q state (No. 1), which is an xy spiral with
a uniform magnetization along the field direction. The
double-Q I state (No. 2) has also been well studied,19,22
and it is a coplanar state with a one-dimensional modu-
lation (“fan”). In general, the other multi-Q spin states
correspond to richer spin structures. In particular, states
Nos. 4–6, and Nos. 8–11 are vortex crystals, whose
emergent lattice parameter is controlled by |Qn|−1 when
|Qn|  1.
To illustrate the main characteristics of vortex crys-
tals, we take the 6-Q II BEC state (No. 8) and describe
its spin structure in some detail. The condensates of
this state occupy all of the six degenerate single-particle
states, k = ±Q1≤n≤3, with equal amplitudes. The rela-
tive phases Φn+1 − Φn (Φ4 ≡ Φ1) take the values ±2pi/3
because of the positive Γ5 term in Eq. (2):
Φn =
2nκpi
3
+ const., κ = ±1. (6)
The spin structure is derived from
〈bi〉 ∼
√
2ρ
3
3∑
n=1
cos
[
Qn · (ri − r∗) + δn,3 Θ2
]
eiΦn/2, (7)
which is exact in the low-density limit. Here, we have
chosen a shift r∗ to emphasize the other phase parameter,
Θ =
3∑
n=1
(
φQn − φ−Qn
)
, (8)
which is invariant under the U(1) group of global spin
rotations along the field axis. Θ can be equal to 0 or pi de-
pending on the sign of the three-body scattering vertex Γ6
which leads to the following contribution to the Hamil-
tonian (in which, however, we do not explicitly evaluate
Γ6):
H 6 ∼ Γ6
(
b†Q1b
†
Q2
b†Q3b−Q1b−Q2b−Q3 + H.c.
)
∼ 2Γ6
√∏
n
ρQnρ−Qn cos Θ. (9)
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FIG. 7. (a) The 6-Q II BEC state for κ = +1, Θ = pi, and
|Qn|  1. The inset shows a modulation of the pseudo-spin z-
component along C1-E-C2 that corresponds to a vortex lattice
unit spacing. (b) Contour plot showing the boson density distri-
bution. (c) Contour plot showing the boson phase distribution.
The open (filled) circles indicate vortices (anti-vortices). (d)
Spin structure of a single vortex mapped on a sphere in the spin
space, which is compared to (e) the same plot of a skyrmion.
Note that this contribution conserves momentum because
Q1 + Q2 + Q3 = 0.
In Fig. 7, we show the spin configuration of this BEC
state for κ = +1, Θ = pi, and |Qn|  1 on a given tri-
angular lattice layer. The spin configuration corresponds
to a crystal of magnetic vortices, and this is essentially
invariant along the c axis. Here, we adopt a pseudospin
representation S˜, i.e., |˜↑〉i ⇔ |∅〉i (i.e., a singlet dimer)
and |˜↓〉i ⇔ b†i |∅〉 (a triplet dimer), where the amount of
(a) (b)
small-ρ large-ρ -pi pi0
FIG. 8. The 6-Q II BEC state for κ = +1, Θ = 0, and
|Qn|  1 showing (a) the boson density and (b) boson phase
distributions. The open (filled double) circles indicate vortices
(double-antivortices).
FIG. 9. Three-sublattice structure of the 6-Q II state, where
Θ = pi, κ = +1, and ±Q1≤n≤3 coincide with the triplon disper-
sion minima of Ba3Mn2O8 (see Fig. 1). The arrows indicate
locations of the vortex cores of each sublattice A, B, and C.
canting relative to the z axis corresponds to the local con-
densate density and the azimuth angle is equal to the local
boson phase (see Appendix B). Figure 7(b) shows that the
condensate density is suppressed near each vortex core
and becomes equal to 0 right at the center of the core. The
density gradually increases away from a core, and the xy
spin components wind around the core. The phase change
in winding around the core is 2κpi, depending on the two
branches, κ = ±1, of Eq. (6). Thus, the vortex crystal is
a chiral spin texture. The condensate density starts de-
creasing again beyond a certain radius from the core be-
cause the “edges” that separate different vortices are low-
density regions which form a honeycomb lattice. These
crystallized vortices are not topological defects but ther-
modynamic stable states similar to the skyrmion crystals
observed in B20 compounds1,3,4 and in triangular lattice
models for classical spins12 or to the crystals of magnetic
Z2 vortices15 and solitons13,14,38 obtained in different con-
70 δn
(a) (b)
A
B
FIG. 10. (a) Charge-density wave induced by the 6-Q II state with κ = +1, Θ = 0, and |Qn|  1. (b) Distribution of
orbital magnetic moments induced by the same phase. Orbital currents nearly cancel each other on the common bonds of two
neighboring plaquettes (see the inset).
texts.The Abrikosov lattice in the type-II superconductors
is another example of this kind.39
Another important observation is that the net spin-
solid-angle wrapped by a single vortex is always 0 [see
Fig. 7(d)]. Starting from a vortex core, 〈S˜〉 wraps some
fraction of a sphere from the “north pole.” However, 〈S˜ z〉
starts to increase again beyond a threshold radius, mean-
ing that 〈S˜〉 starts unwrapping the sphere. After including
the whole contribution up to the vortex edge, the contribu-
tion from inside the threshold radius is exactly cancelled.
Therefore, these structures are not skyrmions, pi2(S 2),
which wrap the full solid angle of a sphere [Fig. 7(e)].
However, they are certainly Abelian vortices pi1(S 1) be-
cause of the structure of the xy-spin components. Simi-
larly to the case of skyrmion crystals,1,3,4,12 the Abelian
vortex crystals are also characterized by regularly spaced
vortex cores. To elucidate this property, we show a con-
tour plot of the boson phase, arg〈bi〉, for the same spin
configuration in Fig. 7(c). The endpoints of branch cuts
between arg〈bi〉 = ±pi indicate the locations of vortex
cores, which indeed form a lattice structure. Another in-
teresting observation is the presence of the vortex cores
on the edges, which are less evident in the other plots.
The net vorticity is zero because of these additional vor-
tices; i.e., there is no branch cut that is connected to the
infinity point.
Figure 8 shows the other variant, Θ = 0, of the 6-
Q II state (κ = +1). The high-density regions form a
kagome lattice. The vortex cores are located at the cen-
ter of the faces of this kagome lattice. Single vortices
(winding number equal to κ) are located at the center
of the smaller faces, while double-antivortices (winding
number −2κ) are located at the center of the bigger faces.
The phase contour plot shown in Fig. 8(b) elucidates two
branch cuts coming out of one double-antivortex, both of
which are connected to a unitary vortex. This shows that
there is no net vorticity for Θ = 0.
So far we have described the case |Qn|  1. Now, we
will briefly comment on the case relevant for Ba3Mn2O8,
where the Q vectors are located very close to the K point
of the 2D Brillouin zone (see Fig. 1). The proximity to
the K point leads to a local spin structure that resembles a
three-sublattice order. The small deviation ∆Qn induces
a long-wavelength spin modulation, which results in the
vortex crystal on each of the three sublattices (Fig. 9).
The superlattice spacing λ is proportional to the inverse
of this deviation, λ ∝ 1/|∆Qn|.
B. Dielectric properties and orbital currents
The complex noncoplanar spin structure of the vortex
crystals can lead to nontrivial dielectric properties. Mag-
netoelectric behavior appears naturally in these structures
because they locally break most of the symmetries of the
underlying crystal. For example, the local vector chi-
rality of the vortex crystal will naturally affect the lo-
cations of the nonmagnetic ions that mediate superex-
change through the so-called inverse Dzyaloshinskii-
Moriya mechanism.40 Even without considering the spin-
lattice coupling, spin textures that break the equiva-
lence between bonds (bond ordering) or develop a fi-
nite scalar spin chirality induce purely electronic charge
effects resulting from virtual processes on frustrated
plaquettes.41,42 Below, we demonstrate that this is indeed
the case for our vortex crystals.
For definiteness, we consider a spin-1/2 quantum an-
tiferromagnet very close to the saturation field H = Hsat
on the nondimerized variant of the period-3 stacked trian-
gular lattice, as shown in the inset of Fig. 1. Our theory
also applies to this situation if we just identify the pseu-
dospin S˜ with a real spin-1/2 operator. In that case, |∅〉
8becomes the fully polarized spin state and b†r is an opera-
tor that flips a spin on site r. By neglecting contributions
from the interlayer electron hopping for the sake of sim-
plicity, the effective electronic-charge-density operator is
1 + δn˜r, with41
δn˜r ∝
∑
0≤η<6
(
Sr − Sr+∆r
η+1
)
· Sr+∆rη , (10)
where ∆r0≤η<6 runs counterclockwise over the displace-
ment vectors to the NN sites of the triangular lattice layer.
The lowest-order contribution to δn˜r is of third order in
the electron hopping. The three hopping processes must
close a triangular plaquette. Equation (10) is obtained by
adding contributions from the six triangles connected to
the site r. Figure 10(a) shows the distribution of δn˜r in
the case of the 6-Q II vortex crystal (No. 8) with Θ = pi.
The results are insensitive to κ = ±1. We find a charge-
density wave resulting from the long-wavelength modu-
lation of the spin texture. This charge modulation should
be, in principle, detectable by x-ray measurements.
As it was also pointed out in Ref. 41, the scalar spin
chirality on each triangle is a manifestation of a local
electronic current (orbital current) that circulates around
the triangular plaquette. The effective orbital current op-
erator for a triangle r1-r2-r3 is41
I˜(r1, r2, r3) ∝ χ1,2,3 =
(
Sr1 × Sr2
) · Sr3 . (11)
The orbital current produces an orbital magnetic moment
L normal to the plaquette. Once again, by only consid-
ering the effect of the in-plane electronic hopping in the
6-Q II vortex crystal with Θ = pi and |Q|  1, we obtain
that contributions of neighboring plaquettes tend to can-
cel each other, but the vortex crystal still sustains orbital
currents well beyond the scale of the lattice spacing [see
Fig. 10(b)].
V. ANISOTROPY EFFECTS
A. Symmetric exchange anisotropy
The U(1) symmetry of the spin Hamiltonian [Eq. (1)]
results from an approximation. In real magnets there
are several anisotropy terms that break any continu-
ous symmetry. Contributions from exchange anisotropy
are proportional to ρ. Thus, no matter how small
their amplitude might be, they dominate the inter-
action effects (∝ ρ2) in the low-density limit, i.e.,
close enough to the field-induced QCP. We consider
the in-plane symmetric exchange anisotropy, H A,6 =
(JA,6/2)
∑
r,η(e−2ηpii/3b
†
rb
†
r+∆rη
+ H.c.), which can be in-
duced either by the relativistic spin-orbit coupling or by
dipole-dipole interactions. This contribution breaks the
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FIG. 11. Phase diagram at the field-induced QCP for the same
system as in Fig. 6 after including the symmetric exchange
anisotropy H A,6 in Eq. (12). The phase boundary corresponds
to the condition 2(Γ1 + Γ2 − Γ3 − Γ4) + Γ5 = 0. For compari-
son, phase boundaries only due to the interaction terms are also
shown; the region indicated by (∗) is the single-Q phase.
U(1) symmetry of H down to the six-fold symmetry of
the triangular lattice.
After taking the long wavelength limit ofH A,6 we ob-
tain
H A,6 ∼ γJA,6N
3∑
n=1
(
e2(n−1)pii/3b†Qnb
†
−Qn + H.c.
)
∼ 2γJA,6
3∑
n=1
√
ρQnρ−Qn cos
(
Φn − 2(n − 1)pi3
)
,
(12)
where γ is a constant prefactor. Equation (12) suggests
that the phases Φ1≤n≤3 must be adjusted to Φn = 2(n −
1)pi/3 [Φn = (2n + 1)pi/3] for γJA,6 < 0 (γJA,6 > 0) in
the low-density limit. In addition, the pairs k = ±Qn
(1 ≤ n ≤ 3) must have the same condensate amplitudes
if they are finite. At this level, there are three degenerate
solutions: the double-Q fan state (No. 2), the 4-Q state
similar to No. 6 but with the above condition for Φn, and
the 6-Q II state (No. 8). This degeneracy is lifted by the
boson-boson interaction [Eq. (2)]. The final result is that
the 6- (double-)Q state has the lowest energy if 2(Γ1 +
Γ2 − Γ3 − Γ4) + Γ5 > 0 (< 0) and there is no chance for
the 4-Q state to be a stable solution. Figure 11 shows
that H A,6 significantly enlarges the 6-Q II phase near the
field-induced QCP.
Thermodynamic measurements on Ba3Mn2O8 show
two different phases in the vicinity of H = Hc1 even for
H ‖ c.27 A narrow “phase II” appears right above Hc1,
while a broad single-Q spiral “phase I” extends over a
much bigger window of magnetic fields inside the dome
of ordered phases. Because H A,6 becomes ineffective
sufficiently away from the QCP, the broad window of
phase I suggests that the interaction parameters V1, V2,
and V4 favor the single-Q state. As is shown in Fig. 11,
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FIG. 12. Phase diagram at the field-induced QCP for the
same system as in Fig. 6 after including the effect of exchange
anisotropy H A,2 in Eq. (13). The phase boundary corresponds
to the condition Γ1+Γ2−Γ3−Γ4−Γ5 = 0. For comparison, phase
boundaries only due to the interaction terms are also shown.
the single-Q phase obtained without taking H A,6 into ac-
count is typically crossed by the line of the condition
2(Γ1 + Γ2 − Γ3 − Γ4) + Γ5 = 0. This observation indi-
cates that when the angle between H and the c axis is
small, either the double-Q fan state (No. 2) or the type-
II vortex crystal No. 8 stabilized by H A,6 could explain
phase II. This prediction can be verified by performing
nuclear magnetic resonance or neutron scattering experi-
ments right above H = Hc1 for H ‖ c.
B. Uniaxial anisotropy and the magnetic field tilted from
the symmetry axis
If the system has an uniaxial magnetic anisotropy
along the c axis, the U(1) symmetry requires a fine-tuning
of the magnetic-field direction along this symmetry axis.
In other words, a different symmetry-breaking term ap-
pears when H is tilted from the c axis. Recently, field-
angle-dependent phases and phase transitions have be-
come an interesting subject in frustrated magnets such as
Ba3Mn2O825,27 and Ba3CoSb2O9.43–45
Below, we address the effects due to the uniaxial
anisotropy and H away from the c axis. We neglect the
effect of H A,6 in Eq. (12) for the sake of simplicity, and
maintain the quantization axis always along the field di-
rection. The additional term that appears in the long-
wavelength limit is
H A,2 ∼ γ
′JA,2
N
3∑
n=1
(
b†Qnb
†
−Qn + H.c.
)
∼ 2γ′JA,2
3∑
n=1
√
ρQnρ−Qn cos Φn, (13)
where γ′ is a numerical prefactor. This term breaks the
U(1) symmetry down to Z2 symmetry. H A,2 also scales
as ∝ ρ and thus dominates the interaction terms in the
low-density limit. Consequently, Φ1≤n≤3 are enforced to
take the same value Φ = 0, pi depending on the sign of its
prefactor, and the pair k = ±Qn (1 ≤ n ≤ 3) must have
the same condensate amplitudes if they are finite. As a
result, H A,2 leaves three degenerate states: the double-Q
fan state (No. 2), a 4-Q state similar to No. 6 but with
Φn = Φ (= 0, pi), and the coplanar 6-Q I state (No. 7).
The boson-boson interaction lifts this degeneracy: the 6-
(double-)Q state is stabilized for Γ1 +Γ2−Γ3−Γ4−Γ5 > 0
(< 0); see Fig. 12. The condensate of the coplanar 6-
Q I state is described by Eq. (7) with Φn = Φ. Slightly
different spin configurations are obtained depending on
Θ = 0, pi, which is determined by the sign of the three-
body scattering term in Eq. (9).
VI. CONCLUSIONS
In summary, we have demonstrated that magnetic vor-
tex lattices arise under rather general conditions near the
magnetic-field-induced quantum critical point that sep-
arates magnetically ordered and paramagnetic phases.
While we have mainly discussed the case of a quan-
tum spin-dimer compound, our theory also applies to
nondimerized frustrated magnets near their saturation
field H = Hsat. The emergence of magnetic vortex crys-
tals from 6-Q condensates in the triangular lattice systems
can be immediately generalized to other p-fold symmet-
ric lattices with p ≥ 3. For instance, 4-Q condensates
lead to square crystals of magnetic vortices, and 3-Q con-
densates lead to honeycomb crystals, which can be real-
ized in the stacked frustrated square and honeycomb lat-
tices, respectively.
While our theory is only valid in the dilute limit (close
to the critical fields), it is interesting to analyze the evo-
lution of the 6-Q condensate as a function of increasing
density of bosons because this phase could remain sta-
ble for higher boson densities. To understand this evo-
lution, we extend our analysis on the nondimerized frus-
trated magnets near their saturation field. We find that
as a function of increasing bosonic density, the solid an-
gle wrapped by the spin configuration inside a certain ra-
dius from the vortex core should increase [see Fig. 7(d)].
Then, there is a critical density, ρ = ρc, for which
the whole sphere (solid angle 4pi) is wrapped inside the
threshold radius. This means that a skyrmion structure
emerges inside of each vortex structure at ρ = ρc. The
same solid angle is unwrapped by the spin configuration
between the threshold radius and the vortex edge.
The magnetic vortex crystals complement the already-
known skyrmion and domain-wall lattices that arise in
other families of frustrated magnets. Among other things,
the possibility of stabilizing magnetic crystals of topolog-
ical spin structures opens a new road for studying and
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exploiting magnetoelectric coupling in Mott insulators.
Magnetic orderings that break enough lattice symmetries
induce a redistribution of ionic and electric charge that
can lead to a net electric polarization.40–42 This magnet-
ically driven ferroelectricity is observed in type-II multi-
ferroic materials.40 Because vortex crystals locally break
most of the underlying lattice symmetries, they are ex-
pected to induce a local charge modulation that becomes
more pronounced near the rapidly varying regions of the
magnetic configurations (domain walls of soliton lattices
and cores of skyrmion and Abelian vortex lattices). Con-
sequently, crystals of topological defects induce charge-
density-wave patterns that can be used either to detect
these magnetic crystals via x-rays or to achieve magnetic-
field control of the local electric polarization and electric-
field control of the local spin chirality4.
To conclude, we summarize the essential ingredients
for finding magnetic vortex crystals in real materials. The
lattice must be p-fold symmetric (p ≥ 3) to allow for
a single-boson dispersion with more than two minima.
Magnetic frustration is required to have minima at low-
symmetry wave vectors. Finally, symmetric exchange
anisotropy JA,6, which can be produced by either dipo-
lar or spin-orbit interactions, can stabilize this phase over
a window of magnetization values that is roughly pro-
portional to JA,6/J, where J is the typical value of the
exchange coupling.
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Appendix A: Ladder diagram
The Bethe-Salpeter equation for a vertex Γq(k,k′) de-
fined by the ladder diagram with zero total frequency is
Γq
(
k,k′
)
= U + Vq −
∫
d3q′
8pi3
Γq′ (k,k′)
(
U + Vq−q′
)
ωk+q′ + ωk′−q′
.
(A1)
We use a simplified notation Γq ≡ Γq (k,k′) because the
equation does not mix with a different set of (k,k′). Be-
low we summarize a standard procedure to solve Eq. (A1)
for lattice models. We assume the following ansatz:
Γq = 〈Γ〉 +
z∑
η=1
Aη V(rη) eiq·rη , 〈Γ〉 ≡
∫
d3q′
8pi3
Γq′ . (A2)
Here Aη ≡ Aη(k,k′) are undetermined coefficients inde-
pendent of q. rη denotes a displacement vector to a site
where the interaction potential due to a particle at the ori-
gin is nonzero. z is the total number of such sites.
We assume that the interaction potential is centrosym-
metric, meaning
∫
d3q′ Vq′ = 0. Then, we find
〈Γ〉 = U
(
1 −
∫
d3q′
8pi3
Γq′
ωk+q′ + ωk′−q′
)
. (A3)
By using this, we can rewrite Eq. (A1) as
Γq = 〈Γ〉 + Vq −
∫
d3q′
8pi3
Γq′ Vq−q′
ωk+q′ + ωk′−q′
. (A4)
We introduce the following notations:
τ0 ≡
∫
d3q′
8pi3
1
ωk+q′ + ωk′−q′
,
τ
η
1 ≡
∫
d3q′
8pi3
e−iq′·rη
ωk+q′ + ωk′−q′
,
τ
η,ν
2 ≡
∫
d3q′
8pi3
e−iq′·(rη−rν)
ωk+q′ + ωk′−q′
. (A5)
By substituting (A2) into (A3), we obtain
z∑
η=1
V(rη)
(
τ
η
1
)∗
Aη +
(
τ0 + U
−1) 〈Γ〉 = 1, (A6)
where we can take the U → ∞ limit. In addition, the
substitution of (A2) into (A4) leads to
z∑
ν=1
(
τ
η,ν
2 V(rν) + δη,ν
)
Aν + τ
η
1 〈Γ〉 = 1, 1 ≤ η ≤ z. (A7)
Equations (A6) and (A7) can be made compact by intro-
ducing Bην ≡ την2 V(rν) + δη,ν and cη ≡ V(rη)
(
τ
η
1
)∗:

B11 . . . B1z τ11
...
. . .
...
...
Bz1 . . . Bzz τz1
c1 . . . cz τ0


A1
...
Az
〈Γ〉
 =

1
...
1
1
 . (A8)
Because the matrix elements on the left-hand side are q
independent, Aη (1 ≤ η ≤ z) and 〈Γ〉 are also q inde-
pendent, as is assumed in the ansatz (A2). While lattice
symmetries may be used to simplify Eq. (A8), this is a
generic prescription for solving the integral equation (A1)
for lattice models.
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Appendix B: Spin configuration for a given BEC state
In the BEC phase, the state of an individual dimer (for
a dimerized magnet at H ∼ Hc) or a spin (for H ∼ Hsat)
at r is well approximated by the coherent state:46
|ψ〉r ≈
√
1 − |ψr|2 |˜↑〉r + ψr |˜↓〉r, (B1)
where
ψr =
3∑
n=1
(
ρQne
iφQn eiQn·r + ρ−Qne
iφ−Qn e−iQn·r
)
. (B2)
The expectation value of the pseudospin S˜r is〈
S˜ +r
〉
=
√
1 − |ψr|2 ψr,〈
S˜ zr
〉
=
1
2
− |ψr|2 , (B3)
which implies 0 ≤ |ψr| ≤ 1. 〈S˜ xr〉2+〈S˜ yr〉2+〈S˜ zr〉2 = 1/4 is
guaranteed. This pseudospin is a real spin for a spin-1/2
system close to the saturation field.
To obtain the spin configuration for a dimerized mag-
net near the field-induced QCP, where we regard |˜↑〉r
and |˜↓〉r as the singlet and the triplet polarized along
the external-field direction, respectively, we evaluate the
expectation values of the spin operators of each spin,
a = 1, 2, on a dimer at r. For instance, the expressions
for S = 1 are
〈
S +r,a
〉
= (−1)a 2√
3
√
1 − |ψr|2 ψ∗r,〈
S zr,a
〉
=
1
2
|ψr|2 . (B4)
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